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We propose a scheme by using the feed-forward control (FFC) to realize a better effect of discrim¬ 
ination of two nonorthogonal states after passing a noise channel based on the minimum- error (ME) 
discrimination. We show that the application of our scheme can highly improve the effect of discrim¬ 
ination compared with the ME discrimination without the FFC for any pair of nonorthogonal states 
and any degree of amplitude damping (AD). Especially, the effect of our optimal discrimination can 
reach that of the two initial nonorthogonal pure states in the presence of the noise channel in a 
deterministic way for equal a prior probabilities or even be better than that in a probabilistically 
way for unequal a prior probabilities. 
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I. INTRODUCTION 

In quantum information processing and quantum com¬ 
puting protocols, information is encoded in the state of a 
quantum system. After processing the information, it has 
to be read out or, in other words, the state of the system 
has to be determined. When the set of the possible out¬ 
put states is known and the states in the set are mutually 
orthogonal, they can be perfectly discriminated. How¬ 
ever, when the possible output states are not orthogonal, 
they can not be always discriminated perfectly. With the 
rapid development of quantum information, the applica¬ 
tion of nonorthogonal states shows its widely significance 
in many areas. In particular, nonorthogonal states can 
be used in secure quantum cryptographic protocols [H- 
[^, most notably in the quantum key distribution (QKD) 
schemes, which are based on the two-state procedure de¬ 
veloped by Bennett Q. So how to discriminate among 
nonorthogonal quantum states in an optimum way has 
gained much attention both theoretically and experimen¬ 
tally. So far, there are mainly two approaches to opti¬ 
mally discriminate two nonorthogonal states. The first 

f proach is the minimum-error (ME) discrimination [3- 
in which inconclusive outcome is not allowed, hence 
errors are unavoidable. This scheme has been introduced 
by Helstrom originally and a general expression of 
the minimum achievable error probability for distinguish¬ 
ing between two mixed quantum states has also been 
obtained. For more than two mixed quantum states, 
there exists some analytical solutions only for some spe¬ 
cial quantum states [§-llll|. The second approach is the 
so-called unambiguous discrimination (U P) , first 

suggested by Ivanovic, Dicks, and Peres |12h14| . for the 
discrimination of two pure states. Unlike the ME dis¬ 
crimination, the UP allows an inconclusive result, but 
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without any error and it just works for linearly indepen¬ 
dent states. So far, the UP has mostly focused on pure 
states. For mixed states, only some useful bounds on 
the total success probability, together with some useful 
reduction theorems, have been presented [l^. [22l - [27l| . 

As mentioned above, quantum communication is 
highly dependent on two nonorthogonal states, such as 
the well-known B92 quantum key distribution proto¬ 
col Q, which is based on the discrimination of two 
nonorthogonal states. And all the existing quantum 
cryptographic schemes are usually based on pure states. 
However, due to the unavoidable coupling with the en¬ 
vironment, decoherence, as a detrimental factor in quan¬ 
tum communication, can not be completely removed, 
which would turn the initial nonorthogonal pure states 
into mixed states after their transmission. 

In this paper, we consider a realistic situation: Al¬ 
ice first encodes the information in two nonorthogonal 
pure states, and then sends them to Bob through a noise 
channel. Because of the noise channel, the nonorthog¬ 
onal states sent by Alice would become mixed, so Bob 
has to discriminate between two nonorthogonal mixed 
states. The above consideration has its practical signifi¬ 
cance, because the commercial fibers are widely used in 
quantum communication, which would introduce deco¬ 
herence and affect the purities of the transmitted states 
more or less inevitably. What we concern in this pa¬ 
per is how to improve the effect of discrimination of two 
nonorthogonal states after passing an amplitude damping 
noise (AD) channel. To this end, we propose a scheme 
by using the feed-forward control (FFG) to realize 
a better effect of discrimination. Note that the FFG in 
our scheme is based on an instantaneous measurement, 
while some other relevant works of quantum-state dis¬ 
crimination in recent papers [29l - l3TI| are making use of 
the feed forward or feedback control based on continu¬ 
ous measurement. Besides, the purpose of the usage of 
feed forward or feedback control is different between our 
work and their works. For the present paper, it man- 
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FIG. 1. A schematic diagram showing the procedure of dis¬ 
crimination between two nonorthogonal mixed states in quan¬ 
tum communication, (a) The ME discrimination without 
the FFC (conventional scheme), (b) The ME discrimination 
based on the FFC (our scheme). 


gree of amplitude damping, i.e., by using our scheme, the 
effect of discrimination of two nonorthogonal states after 
passing the noise channel can be highly improved com¬ 
pared with the ME discrimination without the FFC for 
any pair of initial nonorthogonal states. And the smaller 
the overlap of the two nonorthogonal states (the heav¬ 
ier the amplitude damping) is, the more advantage our 
scheme has. In particular, the effect of our optimal dis¬ 
crimination can be equivalent to (even better than) that 
of the two initial nonorthogonal pure states in a deter¬ 
ministic way when 5 + = = 1/2 (in a probabilistically 

way when ^ g-), that is to say, the optimal discrimi¬ 
nation can completely counteract the impact of the noise 
channel on the effect of discrimination of two nonorthog¬ 
onal states or even improve the effect of discrimination 
of two initial nonorthogonal pure states. 

This paper is structured as follows. In the next sec¬ 
tion, we introduce our scheme by using the FFC to real¬ 
ize a better effect of discrimination of two nonorthogonal 
states after passing the AD channel, and based on which 
we consider two cases in the following. Specifically, in 
Sec. Ill, we consider the first case of discrimination based 
on state protection and compare our result with that of 
the ME discrimination without the FFC. In Sec. IV, we 
consider the second case of optimal discrimination and 
also compare our result with that of the ME discrimi¬ 
nation without the FFC. Finally, in Sec. V we give the 
conclusion of our results. 


aged to utilize the FFC to overcome the environmental 
noise in the state transmission process, while the other 
three papers are not for this purpose. Specifically, in Ref. 
[ 2 ^, Jacobs considered a continuous implementation of 
the optimal measurement for distinguishing between two 
nonorthogonal states, and showed that the feedback con¬ 
trol used during this measurement can increase the trans¬ 
formation rate of the channel. While Refs. (SHI are 
making use of successive measurements on parts of the 
state and feed forward to achieve an error rate below the 
heterodyne limit for multiple state discrimination. 

The procedure of our scheme is like this: Alice pre¬ 
pares a qubit in one of two known pure states, \'4>+) or 
|'0-) with a prior probabilities q+ and g_ respectively. 
Before sending the signal to Bob, Alice should use our 
pre-weak measurement and unitary operation to prepare 
the state into the one almost immune to the noise chan¬ 
nel, and then sends it to Bob through the noise channel 
and tells Bob the pre-weak measurement result through 
classical communication. When Bob receives the signal, 
he can use our reversed unitary operation and the re¬ 
versed post-weak measurement to restore the informa¬ 
tion of the pure state sent by Alice originally, and then 
further determine what the quantum state sent is with¬ 
out inconclusive results, i.e.. Bob can perform the ME 
discrimination on the two mixed states. Our scheme is 
universal for any pair of nonorthogonal states and any de¬ 


ll. SCHEME BASED ON THE FFC TO 
IMPROVE THE EFFECT OF DISCRIMINATION 

In this section, we begin with reviewing the ME dis¬ 
crimination which requires conclusive discrimina¬ 

tion all the time, thus errors are unavoidable. When 
we minimize (or maximize) the probability with which 
we make a wrong guess (or a correct guess) of what the 
quantum state actually is, it will lead to the so-called 
ME discrimination, and the corresponding probability is 
called the minimum error probability Pe (or the max¬ 
imum correct probability Pc)- In this paper, we only 
consider the two-state discrimination. Assume that a 
quantum system is in either the state or /9_ with the 
prior probabilities g+ and g_ respectively, thus it can be 
described as: 

p = q+p+ + q-p-- (1) 

The minimum error probability, Pe, or the maximum 
correct probability, Pq = 1 — Pe for discriminating be¬ 
tween and p- with the corresponding prior proba¬ 
bilities g+ and g_ was derived by Helstrom [J in the 
framework of quantum detection and estimation theory, 
i.e., the so called Helstrom limit 

Pc = \{l + Y.\^^\)^ ( 2 ) 

k 
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which can be realized by means of the optimal mea¬ 
surement, where are the eigenvalues of the operator 
A = q-p- — ( 7 +P+. In the special case that the states 
to be distinguished are pure states |'(/'+) and IV'-), this 
expression reduces to 

Pc = ^(1 + \/l - 4g+q_!(?/’+1V'-)P)- (3) 


in the computational basis {| 0 ), | 1 )}, and r represents the 
magnitude of decoherence. Substituting Eq. (HI into Eq. 
([ 8 |) we can obtain the final state after passing the AD 
channel: 


fin fin . fin 

=q+P+ +q-p- , 


( 10 ) 


where 


In the following we would apply this ME discrimina¬ 
tion in the context of a communication scenario of two 
parties, Alice and Bob. First, an ensemble of quantum 
systems are prepared so that each individual system is 
prepared in one of two known states, |V’+) or {ip-) with 
the prior probability q+ or , respectively. So the quan¬ 
tum system can be described as: 

(4) 


1 — ^(1 =F sind)(l — r) 4 cosd\/l — r \ 

^ cos0\/l — f |(1 T sind)(l — r)y 

( 11 ) 

Our aim is to discriminate between pP^ and pl*”which 
correspond to the input states \tp+) and IV'-), with a 
prior probabilities q+ and q- respectively. According to 
Eq. ([5]) , we can obtain the maximum correct probability 
under the conventional scheme (see Fig. 1(a)): 


where 

IV’zt) =C0S^|-(-)±sin^|-), (5) 

with |±) = (|0) ± \l))/'/2 and 6 G [0, 7 r/ 2 ]. And then Al¬ 
ice would hand it over to Bob, whose task is to determine 
which one of the two states he is given. He also knows 
how the ensemble were prepared, i.e., he has full knowl¬ 
edge of the two possible states and their prior probabili¬ 
ties but does not know the actual state that was drawn. 
All he can do is to perform a single measurement or per¬ 
haps a POVM on the individual system he receives. 

According to Eq. m, the maximum correct probabil¬ 
ity for discriminating between the above two pure states 
is 

ppure ^ 1 \/1-49+(7_ cos2 9). (6) 

If we assume that q+=q-=l/2, then can be sim¬ 

plified as: 

l(l + sin0). (7) 

However, the noise caused by environment in commu¬ 
nication can not be ignored so we have to deal with two 
nonorthogonal mixed states. That is, in the presence of 
noise, we have to discriminate between the two transmit¬ 
ted mixed states pP^ and to attain the original goal 
of discriminating between \tp+) and Itp-) (see Fig. 1(a)). 
In this paper, we only consider the AD channel, and for 
this channel the evolution of any input state p™ can be 
represented by the sum of Kraus operators: 

p/™ = e(p») = ^ Eup^^El (8) 

where 

Ei = (;kb). B2 = (Sf) (9) 


P?‘’ = l(l + l|x-fl + l|x + «l), (12) 

where ^ = ^(1 — r)(xcos Oy + ((I — r) sin0 -|- xr)^ with 
X = q+ — q-- If we assume that q+=q- = l/2, then the 
maximum correct probability for discriminating between 
pP^ and p{.™ can be simplified as: 

p^ix ^ 1(1 _ lrsin0 

2 2 

- -rsine. 

^ 2 

Because (l/2)rsind > 0, it is obvious that is 

smaller than (Eq. d?])) except for r = 0. That 

is to say, noise in this channel generally reduces the ef¬ 
fect (maximum correct probability) of discrimination. 

In what follows, we introduce our scheme by using the 
EEC to improve the effect (maximum correct probabil¬ 
ity) of discrimination of two nonorthogonal states after 
passing the AD channel (see Fig. 1(b)). Generally speak¬ 
ing, the whole procedure for our scheme can be divided 
into four steps: 

1) The input state Alice would send to Bob is p™ = 
q+\ip+){tp+\ + q-\tj}-){tp-\ as discussed above. Before 
sending it to Bob, first Alice would perform our complete 
pre-weak measurement {Mi, M 2 }, which are represented 
respectively as 

vi = (f ^Af). «2 = (irA)' («> 

with X)i=i M^Mi = I, and p G [0,1] is the pre-weak mea¬ 
surement strength. Note that this complete pre-weak 
measurement can be realized theoretically by coupling 
the system to a meter and performing the usual projec¬ 
tive measurements on the meter only Experimen¬ 

tally, the weak measurement on the signal qubit (photon) 
has been realized by performing a full-strength projec¬ 
tive measurement on the meter qubit (photon), which is 
entangled with the signal qubit. The strength (ranging 
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from 0 to 1) of the weak measurement on the signal qubit 
can be determined by the input meter state 

If result i (i = 1,2) is acquired, the state can be ex¬ 
pressed as 


P • — _^ 

where 


(15) 


Pm, =Tr[M;M,p™] = I] (16) 

n^+,- 


is the corresponding success (selective) probability. The 
state (fT5|) can be divided into two parts with respect to 
IV'-h) and IV'-): 


where 


Pi — Q.i-\-Pi-\- Qi—Pi—1 


M,|V>±)(V;±|M/ 

(V-±|M/M,|^±) 


(17) 


(18) 


Afterwards Bob would perform the reversed post-weak 
measurement on the qubit state which are repre¬ 
sented respectively as 

iVi = (vi^o), iV2 =(j^), (23) 

where pi € [0,1] {i = 1, 2) is the post-weak measurement 
strength. Note that A^i and N 2 are resulting from dif¬ 
ferent sets of POVM measurement, i.e., Ni belongs to 
the complete measurement set {A^i, Ni} and N 2 be¬ 
longs to the complete measurement set {A^ 2 , .^ 2 }, i-e., 
nINi +nINi = I and N 2 N 2 -|-iV|iV 2 = I. According to 
the pre-weak measurement result i, Bob just preserves re¬ 
sult Ni and discards result Ni. Moreover, the incomplete 
weak measurement has also been experimentally realized 
in Ref. [s^. Specifically, the weak measurement is car¬ 
ried out on the polarization qubit using Brewster-angle 
glass plates (BPs) with a measurement strength which 
can be varied by changing the number of BPs. 

Similar to Eqs. (dB-dlll), the success (selective) prob¬ 
ability after the post-weak measurement Ni acting on the 
state Pi can be expressed as 


is the state after the measurement Mi acting on \'4>±){'4’±\ 
and 

„ _ q±{^±\MlM,\^±) 

— p (ly) 

is the modified prior probability (by Mi) corresponding 
to state pi±. 

And then according to the pre-weak measurement re¬ 
sult i, Alice would perform the corresponding unitary 
operation Ui with Ui = I, U 2 = cr^. More specifically, if 
result 1 is obtained Alice would do nothing on the qubit 
before it passes the noise channel; If result 2 is acquired, 
Alice would perform the X gate on the qubit. After the 
unitary operation the state can be expressed as 


Pi = q^+Pt+ + qi-Pt-, (20) 

with = UiPi±U}. 

2) And then Alice would send the qubit to Bob through 
the noise channel and tell Bob the pre-weak measurement 
result i through classical communication. After the noise 
channel the state can be expressed as 

Pi = qt+s{p^+) + qz-£{Pi-), (21) 

where e(-) = X]fc=i ■ eI is the same as Eq. ([8|). 

3) According to the pre-weak measurement result i told 
by Alice, Bob would first perform the corresponding uni¬ 
tary operation Ui on the state Pi : If result 1 occurs. Bob 
would do nothing on the qubit; If result 2 is acquired, 
Bob would perform the X gate on the qubit. Then the 
state becomes 

f>i = q^+Uie{p^+)u} + q,-Uie{p[_)Uj 

m m 

= q^J,Pi^+ q^-Pi_. 


Pn, = Tr[iV/lV,p'"] (24) 


and the selected state after the measurement Ni can be 
expressed as 


pfMi) 


fin(i) fin(i) , fin(i) fin(i) 

= q+ p+ + qL pL 


(25) 


where 


fin(i) 

p± 


N^P.±NI 


t 


Tt[nIn, 


(26) 


iPi±\ 


is the state after the measurement Ni acting on p^^ and 

(27) 


fin{i) qidi^^[Ei 

q± = - 


PNi 

is the modified prior probability (by Mi and Ni) corre¬ 
sponding to state 

Note that the success (selective) probability Ps, of ob¬ 
taining the state (Eq, resulting from the 

initial state p™ (Eq. (|4])) is not equivalent to Pat, (Eq. 
(IMll l. Actually Pg. is due to the twice selections, the 
first is caused by the pre-weak measurement Mi with the 
selection probability PMi (Eq. (fTBll l and the second is 
caused by the post-weak measurement Ni with the selec¬ 
tion probability Pat, (Eq. (IMll l. so it should be expressed 
as: 


PSi = PMi PNi 

= 9-[w(l -k) + (1 - ?7i)(l -P)(l -PiO] (28) 
+ 9-(-[(l - - Pi) + ??i(l - P)(l - Pir)] 

with Pi = (1 — sin0)/2, p 2 = (1 + sin0)/2. 

4) After obtaining the state p7*"(*) (Eq. (1^51) 1 with 
a success (selective) probability Pg, (Eq. ((^ 1. Bob 
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would discriminate the states and using 

the ME discrimination, with the corresponding modified 
prior probabilities and according to the pre- 

weak measurement result i {i = 1,2). According to Eq. 
(ED, the maximum correct probability for discriminating 
between and (i = 1, 2) can be expressed as: 


P. 






+ 


1 

1 


■\gi + + {g, - 2aiy\ 

■\gi - v'4&f+^5r-2^|). 


(29) 


where Oi = q-[riip{l - pi) + (1 - gi){l - p)(l - Pi)r\ - 
g+[(l - -P») +??»(! -P)(l -Pi)r\-. bi = l/2{q-- 
q+) cos 6»v'p(l -p)(l - p*)(l - r); gi = q_ [r 7 *p(l - pi) + 
(1 - gi){l-p){l -p^r)] - ( 7 +[(l - ? 7 ,)p(l -p,) + pi{l - 
p){l-pir)\. 

At last, we define our final maximum correct prob¬ 
ability of the whole discrimination process to be the 
weighted average of the two maximum correct probabili¬ 
ties and ^ with the weights Pgj / +Ps 2 ) 

and Ps^/iPsi + Ps^) respectively: 


p/i" _ 


Ps,Pc"^"^ 


Ps^Pc"^^'’ 


PS.+PS. ■ 

and define our final success probability of our scheme as: 


Ps = Ps,+Ps 2 - (31) 


That is, we consider our scheme to be successful only 
when we obtain either the state pP'^^^'> or (Eq. 

(1^ 1 from the initial state p®®® (Eq. (|3D)- 
If we assume that q+=q-=l/2, which is widely con¬ 
sidered in state discrimination field, then the above two 
expressions of P^®" and Ps can be simplified as 


pfin ^ 1 Jp - (1 - P)r\{2 - Pi - P 2 ) + 2(1 - p)(l - r) 

2 2 sm~^ 9{2 - {pi + p 2 ){p{l - r) + r j) 

(32) 

and 

-Ps = ^(2 - (pi+P2)(p(l - r-)-Fr)). (33) 

From the above Eqs. El, E3D, we can see that the suc¬ 
cess probability does not depend on the initial nonorthog- 
onal states but the maximum correct probability is state 
dependent. 


III. DISCRIMINATION BASED ON STATE 
PROTECTION 


Similar to the discussions in Refs. [H, |35|, by using 
the quantum trajectory theory, we obtain the following 
conditions: 


Pi = 1 - 


(l-p)(l-r) 

P 


(34) 


and 


P2 = 1 - 


(l-p)(l-r) 

P 


(35) 


under which the final state along the “no jumping” tra¬ 
jectory will be the initial state. Especially when the 
pre-measurement strength p —>■ 1, p£®®®(®'* —|'(/'±)('0±l 
(z = 1,2), hence the maximum correct probability for dis¬ 
criminating between the two nonorthogonal states after 
passing the noise channel is close to that of the two ini¬ 
tial nonorthogonal pure states when p —>• 1. It should be 
noted that in this case, the post-weak measurements A^i 
and N 2 are approximately the reversal of the correspond¬ 
ing pre-weak measurements Mi and M 2 , i.e., NiMi ^ I 
and N 2 M 2 ^ I, as a, result, the information about the 
initial state can be almost restored. So we call it the 
discrimination based on state protection and define Eqs. 
(IMl) . (|55D as the state protection conditions. It can be 
seen from Eqs. El, El that because pi and p 2 > 0, 
pe [^, 11- 

First we consider the general case q+=q-=l/2 for the 
discrimination based on state protection. Substituting 
Eqs. El, El iiilo EfiS. El - El - '^6 can obtain the 
final maximum correct probability and the final success 
probability: 


and 


-Pq™ = “(1 + sin 


1 


3 P+ |p- (1 -P)^l 

2p -I- (1 - p)r 




(36) 


(37) 



FIG. 2. (Color online) The maximum correct probabil¬ 
ities P^®" (Eq. El) (solid-blue lines) and (Eq. 

(II 3 II ') (dashed-olive lines) as functions of the measure¬ 
ment strength p for (a) 9 = 7r/16; (b) 0 = Itt/IG and 
(c) 0 = Gtt/IG. Panel (d) plots the success probability 
Ps corresponding to panels (a-c) for our scheme which 
is state independent, r = 0.7, q+ — q- = 1/2. 


As an example, we first plot the maximum correct 
probability and the success probability for our scheme 
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as functions of the measurement strength p in Fig. 2 for 
different pairs of nonorthogonal states, with a fixed am¬ 
plitude damping r = 0.7 and equal a prior probabilities 
q+ = q- = 1/2. We can see that there is a trade-off 
between the success probability and the maximum cor¬ 
rect probability, so the desired value of p depends on the 
practical consideration. We can see from Fig. 2 that al¬ 
though the maximum correct probabilities for different 


nonorthogonal states are different, it is obvious that our 
scheme increases the maximum correct probability of two 
nonorthogonal states after passing the noise channel sig¬ 
nificantly compared with that without the FFC. And the 
larger 0 is, the superior our scheme is. It is noted that 
there is a kink in Fig. 2 (and also in the following figures 
in this section) which is due to the absolute values in Eq. 

(Ei). 


P 


c 


1.00 


0.95 


0.90 




FIG. 3. (Color online) The maximum correct probabilities P/!™ (Eq. (I36II 1 (solid-blue lines) and 
(Eq. (I13II 1 (dashed-olive lines) as functions of the measurement strength p for (a) r = 0.1; (b) r = 0.5 and 
(c) r = 0.9. The insets plot the corresponding success probabilities Ps for our scheme. 9 = Ott/IO, q+ = 

q- = 1/2. 




EIG. 4. (Color online) The maximum correct probabil¬ 
ities (Eq. (l3Ull i (solid-blue lines) and (Eq. 

(I12II ') (dashed-olive lines) as functions of the measure¬ 
ment strength p for (a) 9 = rr/lO; (b) 9 — drr/lO and 
(c) 9 = Ott/IO. Panel (d) plots the success probability 
Ps corresponding to panels (a-c) for our scheme which 
is state independent, r = 0.7, q+ = 1/3, q- = 2/3. 

Besides, we also consider the effect of different degrees 
of amplitude damping on the maximum correct proba¬ 
bility for our scheme and compare our result with that 
of the ME discrimination without the FEC. We find that 
our scheme can be always superior over that without the 
FFC for any degree of amplitude damping. As an exam¬ 
ple, we give our maximum correct probabilities for dif¬ 


ferent degrees of amplitude damping, with a fixed pair of 
initial nonorthogonal states 9 = Gtt/IG and equal a prior 
probabilities q+ = q- = 1/2 in Fig. 3. It can be seen 
that our scheme greatly increases the maximum correct 
probability of two nonorthogonal states after passing the 
noise channel compared with that without the FFC for 
any degree of amplitude damping, even for heavy ampli¬ 
tude damping noise (e.g., r = 0.9). 

The above discussions of discrimination effect for our 
scheme are based on equal a prior probabilities. Now 
we consider unequal a prior probabilities. Similarly, 
we first plot the maximum correct probability and the 
success probability for our scheme as functions of the 
measurement strength p in Fig. 4 for different pairs 
of nonorthogonal states, with a fixed degree of ampli¬ 
tude damping r = 0.7 and unequal a prior probabilities 
q+ = 1/3, g_ = 2/3. Compared with the ME discrimina¬ 
tion without the FFC, our scheme can still reach a larger 
maximum correct probability for any two nonorthogonal 
states. And the larger 9 is, the more superior our scheme 
is. 

Next, we compare our scheme with that without the 
FFC for different degrees of amplitude damping, with a 
fixed pair of nonorthogonal states 9 = Gtt/IG and un¬ 
equal a prior probabilities = 1/3, g_ = 2/3 in Fig. 
5. We can see that in the case of unequal a prior prob¬ 
abilities, our scheme still has an advantage for any de¬ 
gree of amplitude damping, even for heavy amplitude 
damping r = 0.9. This feature of our scheme reveals its 
significance in quantum communication, for we can dis¬ 
criminate what the initial state sent is with a fairly large 
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maximum correct probability even for heavy AD channel. 

So the contribution of this discrimination scheme 
lies in the fact that, by choosing a proper measure¬ 
ment strength, the maximum correct probability of two 
nonorthogonal states after passing the AD channel can 


be highly increased compared with that without the FFC 
for any initial nonorthogonal states, any degree of ampli¬ 
tude damping and any prior probabilities. In particular, 
the larger 9 is, the more advantageous our scheme is. 





FIG. 5. (Color online) The maximum correct probabilities (Eq. (l30l) l (solid-blue lines) and p^*®^ 

(Eq. (I12II 1 (dashed-olive lines) as functions of the measurement strength p for (a) r = 0.1; (b) r = 0.5 and 
(c) r = 0.9. The insets plot the corresponding success probabilities Ps for our scheme. 9 = Ott/IO, = 
1/3, q- = 2/3. 


IV. OPTIMAL DISCRIMINATION 

In Sec. Ill, we discuss the case of discrimination based 
on state protection. This case demands pi and p 2 having 


a specific relationship with p for the purpose of protecting 
the initial nonorthogonal pure states, and based on which 
the two protected nonorthogonal states after passing the 
noise channel can be further discriminated. However, this 
discrimination strategy is not an optimal one. 
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FIG. 6. (Color online) P^™ — Ps diagrams for our scheme (blue region) with p//®^ (Eq. (IT^ l (dotted- 
olive lines) and pP’®’’® (Eq. Q) (dashed-red lines) for (a) 9 = 'KjlQ-, (b) 9 — 47r/16 and (c) 9 = Gtt/IG. 
r = 0.7, q+ = q- = 1/2. The blue lines represent our optimal lines which coincide with and the 

purple circles represent our optimal points. 


Now in this section, the only purpose for us is to dis¬ 
criminate between two nonorthogonal states after passing 
the noise channel with a large maximum correct proba¬ 
bility as much as possible. Actually all the measurement 
strengths p, pi, p 2 can be varied independently from 
0 to 1, and each group of the measurement strengths 
(p, pi, P 2 ) uniquely determines its corresponding maxi¬ 
mum correct probability and success probability accord¬ 
ing to Eqs. ([30]), (|3T]l denoted by {Pq , Ps)- It is con¬ 


ceivable that all (T^™, Ps) would constitute Pq'^-Ps 
diagram. We first show the P^'^-Ps diagram of sev¬ 
eral nonorthogonal states, with a fixed degree of ampli¬ 
tude damping r = 0.7 and equal a prior probabilities 
g+ = = 1/2 in Fig. 6. It is noted that for a given 

succuss probability, the point {Pq^, Ps), at which the 
value of Pq^ is the largest, is distributed on the bound¬ 
ary of the diagram denoted by a blue line. We call this 













































boundary line as optimal line of discrimination. Here we 
should emphasize that different groups of measurement 
strengths (p, pi, P2) determine the different final states 
(Eq ([^31) 1. hence corresponding to different max¬ 
imum correct probabilities (Eq. (pOll l. That is, dif¬ 
ferent groups of measurement strengths (p, pi, P2) corre¬ 
spond to different values of From Fig. 6 we can see 

that on the optimal line although the success probability 
varies with the varying p, pi, and p2, the maximum cor¬ 
rect probability remains unchanged, and is equal to that 
of the two initial nonorthogonal pure states. In this case, 
we define the optimal discrimination as the one with both 
the largest maximum correct probability and the largest 
success probability, corresponding to an optimal point of 
discrimination , Ps^*)-, which is denoted by a purple 
circle in Fig. 6 (later we will analytically derive the con¬ 
dition of optimal discrimination, i.e., the optimal group 
of measurement strengths (p, pi, P2))- In addition, we 
also compare our scheme (optimal line of discrimination) 
with that without the FFC, we find that the maximum 
correct probability in our scheme is much larger than 
that of the ME discrimination without the FFC. And 
the larger 0 is, the more advantage our scheme has. For 
example, when 9 = 67r/16, the increased percentage of 
the maximum correct probability of our scheme (optimal 
line of discrimination) compared with that without the 
FFC can arrive at more than 50%. 

Besides, we also consider the effect of different degrees 
of amplitude damping on the maximum correct probabil¬ 
ity for our scheme and numerically compare our scheme 
with that without the FFC. In Fig. 7 (and also in the 
following figures), we just plot the optimal line of 
Ps diagram, which is clear enough to illustrate the ef¬ 
fect of the optimal discrimination. As an example, we 

I 


plot the optimal line for different degrees of amplitude 
damping, with a fixed pair of initial nonorthogonal states 
0 = 67r/16, and equal a prior probabilities q+ = q- = 1/2 
in Fig. 7. We find that the maximum correct probabil¬ 
ity in our scheme is independent of the degree of ampli¬ 
tude damping and we can also see that our scheme has a 
greater advantage over that without the FFC when the 
amplitude damping is heavier. Here it should be noted 
that the maximum correct probability of two nonorthog¬ 
onal states after passing the noise channel for any degree 
of amplitude damping by our scheme can achieve that of 
the two initial nonorthogonal pure states. 

1.0 


0.8 


0.6 


0.0 0.5 1.0 

Ps 

FIG. 7. (Color online) — Ps diagram for different 
degrees of amplitude damping. The solid-blue line rep¬ 
resents both our scheme for r = 0.1, r = 0.5, r = 0.9 
and pP’"’® (Eq. Q) which coincide; (Eq. (ITOll l is 

represented by dotted-olive line (r = 0.1), dashed-olive 
line (r = 0.5) and dashed dotted-olive line (r = 0.9). 
6 = 67r/16, q+ = q- — 1/2. 




FIG. 8. (Color online) — Ps diagrams for our scheme (solid-blue lines) with p^"^^ (Eq. (1121) 1 (dotted- 
olive lines) and p^'“’“'^ (Eq. (@) (dashed-red lines) for (a) 9 — 7r/16; (b) 0 = 47r/16 and (c) 6 — Gtt/IG. 
r = 0.7, = 1/3, g_ = 2/3. The purple circles represent our optimal points. 


Similar to the discussion in Sec. HI, we then consider 
the case of unequal a prior probabilities. First, we plot 
the optimal line of Pq™-Ps diagram for different pairs 
of nonorthogonal states, with a fixed degree of ampli¬ 
tude damping r = 0.7 and unequal a prior probabilities 


g+ = 1/3, g_ = 2/3 in Fig. 8 as an example. We can 
see from Fig. 8 that with the measurement strengths 
p, pi, and p2 varying, the maximum correct probabil¬ 
ity on the optimal line first remains unchanged and then 
decreases, but is still larger than that of the ME discrim- 
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ination without the FFC. It can be seen that there exists 
a trade-off between the maximum correct probability and 
the success probability. Our aim is to first increase the 
maximum correct probability and then pursue the success 
probability as large as possible. Based on this, we define 
the optimal discrimination as the one which first ensures 
the largest value of and then pursues the success 
probability as large as possible. This optimal discrimi¬ 
nation corresponds to the optimal point of discrimination 
popt) ] 3 ,y purple circle in Fig. 8 (later we 

will give the condition of the optimal discrimination, i.e., 
the optimal group of measurement strengths (p, pi, P 2 ))- 
The remarkable fact is that the maximum correct proba¬ 
bility of two nonorthogonal states after passing the noise 
channel in our scheme can be even larger than that of 
the two initial nonorthogonal pure states in a probabilis¬ 
tically way for unequal a prior probabilities. Compared 
with that without the FFC, our scheme still has an obvi¬ 
ous advantage. And we can also see that the maximum 
correct probability in our scheme increases as 9 increases 
for each fixed success probability, so the larger 9 is, the 
more advantage our scheme has. 


nonorthogonal pure states for any degree of amplitude 
damping. 

Now we give the condition of the optimal discrimina¬ 
tion, i.e., the optimal group of measurement strengths 
(p, pi, P 2 ). First we consider the case of equal a prior 
probabilities, ( 7 +=g_=l/ 2 . We begin with the expression 
of Pq™ (Eq. (15^ 1 and discuss it in three circumstances: 
(a) When r > 

p/m 2 - 4p -b (pi -k p 2 )(p - (1 - p)r) 

^ 2 2 sin“^ 6»(2 - (pi-|-p 2 )(p(l - r)-b r)) ’ 


dPc"" ^ sin6)(2 -pi -p 2 )((pi -bp 2 )r - 2) 

dp (2 - (pi-bp 2 )(p(l - r)-b r))2 

From Eq. (l3^ . we can see that if 

(a-1) pi=p 2 =l, ldp=Q. Substituting pi=p 2 =l 

into Eq. (1551) . we obtain that 

= + = ( 40 ) 



FIG. 9. (Color online) Pq" — Ps diagram for different 
degrees of amplitude damping. The solid-blue line rep¬ 
resents our scheme for r = 0.1, r = 0.5 and r = 0.9 
which coincide; The dashed-red line represents 
(Eq. ([ 6 ])); (Eq. (fT2l) l is represented by dotted- 

olive line (r = 0.1), dashed dotted-olive line (r = 0.5 and 
r = 0.9 which coincide). 9 = Ott/IO, q+ — 1/3, q- = 2/3. 

And then we consider the effect of different degrees of 
amplitude damping on the maximum correct probability. 
In Fig. 9, we plot the optimal line of Pq^-Ps diagram 
for different degrees of amplitude damping, with a fixed 
pair of initial nonorthogonal states 9 = Gtt/IG and un¬ 
equal a probabilities q+ = 1/3, q- = 2/3 as an exam¬ 
ple. We can see that the maximum correct probability 
in our scheme is independent of the degree of amplitude 
damping and compared with that without the FFC, our 
scheme still has an advantage for different degrees of am¬ 
plitude damping in the case of unequal a prior proba¬ 
bilities. Moreover, the maximum correct probability of 
two nonorthogonal states after passing the noise channel 
by our scheme can be larger than that of the two initial 


which equals to the maximum correct probability of dis¬ 
criminating two initial nonorthogonal pure states pP“''® 
(Eq. d?])), and the corresponding success probability of 
our scheme (Eq. (l33ll ) is 

Ps = (1-p)(l - r). (41) 

(a- 2 ) pi, P 2 7 ^ 1 , dP^,™/dp < 0 which means that P^*” 
is monotonously decreasing with p, when we choose p= 0 , 

^^(^“ = ^(l + sin0) = P^’'^ (42) 

and the corresponding success probability is 

Ps = ^- ]^r{pi+p 2 ). (43) 

(b) When r < 

pfin 2 -b4r(p- 1 ) -b jpi + P 2 ){r - p{r + 1)) 

^ 2 2 sin“^ d (2 - (pi-bp 2 )(p(l - ?') + r)) 

(44) 

and 

dPc"" ^ sin 0(2 - Pi -p 2 )‘^r 

dp (2 - (pi-bp 2 )(p(l - r)-b r ))2 ■ 

From Eq. (1551) . we can see that if 

(b- 1 ) pi=p 2 =l, dP^^^/dp=() which is the same as case 
(a- 1 ). 

(b- 2 ) pi, p 2 ^ 1 , dpP'^/dp > 0 which means that P^*” 
is monotonously increasing with p, and when we choose 
p=l, 

P^“ = i(l + sin0) = P^“’'^ (46) 
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and the corresponding success probability is 
Ps = i- ^{Pl +P2)- 

(c) When r = 

pfin _ ^ _ 2p — 1 _ 

^ 2 2sin“^0(p(pi+P 2 ) - 1)’ 


(47) 


(48) 


dPt ^ ^ ^ P(l-2p) 

dpi dp2 (p(pi+P2) -1 )^’ 
where p < 1/2 due to r = < 1. So from Eq. (H^ . we 

can see that both dpP^/dpi and dpP'^/dp 2 are greater 
than zero, i.e., is monotonously increasing with pi 
and p 2 - When we choose pi=p 2 =l, it is the same as case 
(a-1). 

In conclusion, in all the cases, the maximum cor¬ 
rect probability can be equal to that of the two initial 
nonorthogonal pure states. Moreover the success prob¬ 
ability in cases (a-2) and (b-2) can arrive at 1 when 
we choose pi=P2=0. So the condition of the optimal 
discrimination, i.e., the optimal group of measurement 
strengths, can be either (p = 0, pi = 0, p 2 = 0) or 
(p = 1, Pi = 0, p 2 = 0), which corresponds to the op¬ 
timal point of discrimination (see Fig. 6) with the max¬ 
imum correct probability P//’* = and the success 

probability P^^* = 1. 

Furthermore, in the case of unequal a prior probabil¬ 
ities, we numerically find the condition of the optimal 
discrimination, i.e., the optimal group of measurement 
strengths (p, pi, P 2 ) which corresponds to the optimal 
point of discrimination (see Fig. 8), with respect to dif¬ 
ferent cases of prior probabilities: 


q+ > 9-, {P = 1, Pi = 0, p2 = 1); 
q+ < 9-, (P = 1, Pi = 1, P2 = 0), 


(50) 


which are independent of the initial nonorthogonal states 
and the degrees of amplitude damping, only determined 
by the prior probabilities. 

And under these optimal groups of measurement 
strengths (p, pi, P 2 ) (Eq. ((50ll l. we can obtain analytical 
expressions of the maximum correct probability P//’* and 
the corresponding success probability PgP of the optimal 
point for any pair of nonorthogonal states according to 
Eqs. ((301), (1^ : 


popt _ 
— 



Ixl +sind 
1 -I- sinP|x| 


where x been defined in Eq. and 


pT = ^(1 + sin6»|x|). 


(51) 


(52) 


It should be noted that Eq. (EU is irrelevant to the 
degree of amplitude damping, so generally the heavier 


the amplitude damping is, the more advantageous our 
scheme is. 

Besides, we numerically compare the analytical expres¬ 
sion of P^*" (Eq. (|5T|) ) with that of two initial nonorthog¬ 
onal pure states, = 1/2(1 -|- Wl — 4g+g_ cos^ 0) 

(Eq. (©), and find 


popt ^ ppure ^ 53 ^ 

for any pair of initial nonorthogonal states and any degree 
of amplitude damping. 

So the significance of this optimal discrimination lies in 
an remarkable discrimination effect in the presence of the 
environmental noise, that is, by using this discrimination 
scheme, one can make the maximum correct probability 
equal to that of the two initial nonorthogonal pure states 
in the case of equal a prior probabilities, and even larger 
than that of the two initial nonorthogonal pure states 
in probabilistically way in the case of unequal a prior 
probabilities, while this cannot be achieved by the ME 
discrimination without the EEC. 

Finally, in order to comprehensively consider the two 
figures of merit, i.e., the maximum correct probability 
pP^ and the success probability Ps in our scheme, we 
define a new quantity which equals to the product of 
them 0, i.e., Psc = PsP[r = ■ 

And we find that in the case of the discrimination based 
on state protection, for equal a prior probabilities, Psc 
can be larger than p™™ in the regime Ps —>■ 1 only for 
heavier amplitude damping r (see Fig. 2 and Fig. 3) and 
for unequal a prior probabilities or in the case of optimal 
discrimination, Psc can be larger than also in the 

regime Ps —>■ 1 for any degree of amplitude damping r 
(see Fig. 5, Fig. 7 and Fig. 9). 


V. CONCLUSIONS 

In this paper, we consider how to improve the effect of 
discrimination of two nonorthogonal states after passing 
the AD channel. To this end, we propose a scheme by 
using the EEC to realize a better effect of discrimination 
for any pair of nonorthogonal states and any degree of 
amplitude damping. The core idea of our scheme is to 
make use of the pre-weak measurement and unitary op¬ 
eration to make the initial nonorthogonal states into the 
ones almost immune to the AD channel, and then to re¬ 
store the initial states sent originally after their transmis¬ 
sion by means of the reversed unitary operation and re¬ 
versed post-weak measurement. Based on this we further 
discriminate between the two transmitted nonorthogonal 
states by using the ME discrimination. Concretely speak¬ 
ing, we consider two cases: (i) discrimination based on 
state protection and (ii) optimal discrimination. For the 
former, the purpose is to protect the initial nonorthogo¬ 
nal pure states, and further discriminate between the two 
protected nonorthogonal states after passing the noise 
channel. Based on this, the discrimination effect of the 
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two transmitted nonorthogonal mixed states can be close 
to that of the two initial nonorthogonal pure states espe¬ 
cially when p —>■ 1 , but at the cost of the substantial de¬ 
crease of the success probability; For the latter, the only 
purpose is to discriminate between the two transmitted 
nonorthogonal mixed states with a large maximum cor¬ 
rect probability as much as possible. In this case, when 
q-i_ = = 1 / 2 , the maximum correct probability can 

be equal to that of the two initial nonorthogonal pure 
states in a deterministic way; when < 7 + ^ g_, the maxi¬ 
mum correct probability can be even larger than that of 
the two initial nonorthogonal pure states in a probabilis¬ 
tically way. But for both cases the discrimination effect 
can be highly improved compared with that without the 
FFC. 

So the contribution of this paper to the state discrimi¬ 
nation field mainly lies in the following two aspects: the 
first is that we take the environmental noise into account 
in the state transmission process, which is closer to the 
reality in quantum communication. And based on this 
consideration, we propose a specific scheme by utilizing 
the FFC to counteract the detrimental impact of the en¬ 
vironmental noise on the discrimination effect hence to 


increase the maximum correct probability; the second 
is that, by using our optimal discrimination scheme, one 
can completely counteract the impact of the environmen¬ 
tal noise on the effect of discrimination of two nonorthog¬ 
onal states in the case of equal a prior probabilities or 
even improve the effect of discrimination of two initial 
nonorthogonal pure states in the case of unequal a prior 
probabilities, while this cannot be achieved by the ME 
discrimination without the FFC. Besides, our scheme can 
be advantageous over the ME discrimination without the 
FFC for any two initial nonorthogonal states, any de¬ 
gree of amplitude damping noise and any prior probabil¬ 
ities. Moreover, the heavier the amplitude damping is, 
the more superior our scheme is. 
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